We study the noise of the cotunneling current through one or several tunnel-coupled quantum dots in the Coulomb blockade regime. The various regimes of weak and strong, elastic and inelastic cotunneling are analyzed for quantum-dot systems (QDS) with few-level, nearly-degenerate, and continuous electronic spectra. We find that in contrast to sequential tunneling where the noise is either Poissonian (due to uncorrelated tunneling events) or sub-Poissonian (suppressed by charge conservation on the QDS), the noise in inelastic cotunneling can be super-Poissonian due to switching between QDS states carrying currents of different strengths. In the case of weak cotunneling we prove a non-equilibrium fluctuation-dissipation theorem which leads to a universal expression for the noise-to-current ratio (Fano factor). In order to investigate strong cotunneling we develop a microscopic theory of cotunneling based on the density-operator formalism and using the projection operator technique. The master equation for the QDS and the expressions for current and noise in cotunneling in terms of the stationary state of the QDS are derived and applied to QDS with a nearly degenerate and continuous spectrum.
I. INTRODUCTION
In recent years, there has been great interest in transport properties of strongly interacting mesoscopic systems.
1 As a rule, the electron interaction effects become stronger with the reduction of the system size, since the interacting electrons have a smaller chance to avoid each other. Thus it is not surprising that an ultrasmall quantum dot connected to leads in the transport regime, being under additional control by metallic gates, provides a unique possibility to study strong correlation effects both in the leads and in the dot itself. 2 This has led to a large number of publications on quantum dots, which investigate situations where the current acts as a probe of correlation effects. Historically, the nonequilibrium current fluctuations (shot noise) were initially considered as a serious problem for device applications of quantum dots [3] [4] [5] rather than as a fundamental physical phenomenon. Later it became clear that shot noise is an interesting phenomenon in itself, 6 because it contains additional information about correlations, which is not contained, e.g., in the linear response conductance and can be used as a further approach to study transport in quantum dots, both theoretically 4, 5, [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] and experimentally. 23 Similarly, the majority of papers on the noise of quantum dots consider the sequential (single-electron) tunneling regime, where a classical description (the so-called "orthodox" theory) is applicable. 24 We are not aware of any discussion in the literature of the shot noise induced by a cotunneling (two-electron, or second-order) current, 25, 26 except Ref. 21 , where the particular case of weak cotunneling (see below) through a double-dot (DD) system is considered. Again, this might be because until very recently cotunneling has been regarded as a minor contribution to the sequential tunneling current, which spoils the precision of single-electron devices due to leakage. 27 However, it is now well understood that cotunneling is interesting in itself, since it is responsible for strongly correlated effects such as the Kondo effect in quantum dots, 28, 29 or can be used as a probe of twoelectron entanglement and nonlocality, 21 etc. In this paper we present a thorough analysis of the shot noise in the cotunneling regime. Since the singleelectron "orthodox" theory cannot be applied to this case, we first develop a microscopic theory of cotunneling suitable for the calculation of the shot noise in Secs. III and IV. [ For an earlier microscopic theory of transport through quantum dots see Refs. 30-32.] We consider the transport through a quantum-dot system (QDS) in the Coulomb blockade (CB) regime, in which the quantization of charge on the QDS leads to a suppression of the sequential tunneling current except under certain resonant conditions. We consider the transport away from these resonances and study the next-order contribution to the current, the so-called cotunneling current. 25, 26 In general, the QDS can contain several dots, which can be coupled by tunnel junctions, the double dot (DD) being a particular example. 21 The QDS is assumed to be weakly coupled to external metallic leads which are kept at equilibrium with their associated reservoirs at the chemical potentials µ l , l = 1, 2, where the currents I l can be measured and the average current I through the QDS is defined by Eq. (2.7).
Before proceeding with our analysis we briefly review the results available in the literature on noise of sequential tunneling. For doing this, we introduce right from the beginning all relevant physical parameters, namely the bath temperature T , bias ∆µ = µ 1 − µ 2 , charging energy E C , average level spacing δE, and the level width Γ = Γ 1 + Γ 2 of the QDS, where the tunneling rates 
FIG. 1.
Schematic representation of the quantum dot system (QDS) coupled to two external leads 1 and 2 (light grey) via tunneling barriers (dark grey), where the energy scale is drawn vertically. The tunneling between the QDS and the leads l = 1, 2 is parametrized by the tunneling amplitudes T l , where the lead and QDS quantum numbers k and p have been dropped for simplicity, see Eq. (2.3). The leads are at the chemical potentials µ1,2, with an applied bias ∆µ = µ1 − µ2. The (many-particle) eigenstates of the QDS with one added electron (N + 1 electrons in total) are indicated by their energies E1, E2, etc., with average level-spacing δE. The energy cost for adding a particle from the Fermi level of lead l to the N-electron QDS is denoted by ∆+(l, N ) > 0 and is strictly positive in the CB regime. Note that the energies ∆−(l, N ) for removing particles from the QDS containing N electrons are positive as well, and are not drawn here. The cotunneling process is visualized by two arrows, leading from the initial state in, say, lead 1 (full circle), via a virtual state on the QDS (open circle), to the final state in lead 2 (full circle).
Γ l = πν|T l | 2 to the leads l = 1, 2 are expressed in terms of tunneling amplitudes T l and the density of states ν evaluated at the Fermi energy of the leads. In Fig. 1 the most important parameters are shown schematically. This variety of parameters shows that many different regimes of the CB are possible. In the linear response regime, ∆µ ≪ k B T , the thermal noise 33 is given by the equilibrium fluctuation-dissipation theorem (FDT). 34 Although the cross-over from the thermal to nonequilibrium noise is of our interest (see Sec. III), in this section we discuss the shot noise alone and set T = 0. Then the noise at zero frequency ω = 0, when δI 2 = −δI 1 , can be characterized by one single parameter, the dimensionless Fano factor F = S(0)/e|I|, where the spectral density of the noise S(0) ≡ S 22 (0) is defined by Eq. (2.7). The Fano factor acquires the value F = 1 for uncorrelated Poissonian noise.
Next we discuss the different CB regimes. (1) In the limit of large bias ∆µ ≫ E C , when the CB is suppressed, the QDS can be viewed as being composed of two tunnel junctions in series, with the total conduc-
is the conductance of the tunnel junctions to lead l, and ν D is the density of dot states. Then the Fano factor is given by F = (G
2 , as it has been found in Refs. 4, 5, 7 . Thus, the shot noise is suppressed, F < 1, and reaches its minimum value for the symmetric QDS, G 1 = G 2 , where F = 1/2. (2) The low bias regime, δE ≪ ∆µ ≪ E C . The first inequality δE ≪ ∆µ allows to assume a continuous spectrum on of the QDS and guarantees that the single-electron "orthodox" theory based on a classical master equation can be applied. The second inequality ∆µ ≪ E C means that the QDS is in the CB regime, where the energy cost ∆ ± (l, N ) = E(N ± 1) − E(N ) ∓ µ l for the electron tunneling from the Fermi level of the lead l to the QDS (+) and vice versa (−) oscillates as a function of gate voltage between its minimum value ∆ ± < 0 (where the energy deficit turns into a gain, |∆ ± | ∼ ∆µ) and its maximum value ∆ ± ∼ E C . Here, E(N ) denotes the ground-state energy of the N -electron QDS. Thus the current I as a function of the gate voltage consists of the CB peaks which are at the degeneracy points ∆ ± < 0, where the number of electrons on the QDS fluctuates between N and N + 1 due to single-electron tunneling. The peaks are separated by plateaus, where the single-electron tunneling is blocked because of the finite energy cost ∆ ± > 0 and thus the sequential tunneling current vanishes. At the peaks the current is given by I = eγ 1 γ 2 /(γ 1 + γ 2 ), while the Fano factor has been reported 5,7-10 to be equal to F = (γ
2 , 1/2 < F < 1, where
| are the tunneling rates to the QDS from lead 1 and from the QDS to lead 2, respectively. Within the "orthodox" theory tunneling is still possible between the peaks at finite temperature due to thermal activation processes, and then the Fano factor approaches the Poissonian value F = 1 from below. (3) Finally, the limit Γ ≪ ∆µ ≪ δE is similar to the previous case, with the only difference that the dot spectrum is discrete. The sequential tunneling picture can still be applied; the result for the Fano factor at the current peak is F = (Γ
2 , so that again 1/2 < F < 1.
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We would like to emphasize the striking similarity of the Fano factors in all three regimes, where they also resemble the Fano factor of the noninteracting doublebarrier system. 6 The Fano factors in the first and second regimes become even equal if the ground-state level of the QDS lies exactly in the middle between the Fermi levels of lead 1 and 2, |∆ + | = |∆ − |. We believe that this "ubiquitous" 7 double-barrier character of the Fano factor can be interpreted as being the result of the natural correlations imposed by charge conservation rather than by interaction effects. Indeed, in the transport through a double-barrier tunnel junction each barrier can be thought of as an independent source of Poissonian noise. And although in the second regime the CB is explicitly taken into account, the stronger requirement of charge conservation at zero frequency, δI 1 + δI 2 = 0, has to be satisfied, which leads to additional correlations between the two sources of noise and to a suppression of the noise below the Poissonian value. At finite frequency (but still in the classical range defined as ω ≪ ∆µ, E C ) temporary charge accumulation on the QDS is allowed, and for frequencies larger than the tunneling rate, ω ≫ γ 1,2 , the conservation of charge does not need to be satisfied, while the noise power S 22 approaches its Poissonian value from below, and the cross correlations vanish, S 12 = 0.
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Based on this observation we expect that the direct measurement of interaction effects in noise is only possible either in the quantum (coherent) CB regime 16 ∆µ ∼ Γ or in the Kondo regime, [17] [18] [19] where both charge conservation and many-electron effects lead to a suppression of the noise. Another example is the noise in the quantum regime, ∆µ ≤ ω ∼ E C , where it contains singularities associated with the "photo-assisted transitions" above the Coulomb gap ∆ ± .
20,21,36
To conclude our brief review we would like to emphasize again that while the zero-frequency shot noise in the sequential tunneling regime is always suppressed below its full Poissonian value as a result of charge conservation (interactions suppressing it further), we find that, in the present work the shot noise in the cotunneling regime 37 is either Poissonian F = 1 (elastic or weak inelastic cotunneling) or, rather surprisingly, nonPoissonian F = 1 (strong inelastic cotunneling). Therefore the non-Poissonian noise in QDS can be considered as being a fingerprint of inelastic cotunneling. This difference of course stems from the different physical origin of the noise in the cotunneling regime, which we discuss next. Away from the sequential tunneling peaks, ∆ ± > 0, single-electron tunneling is blocked, and the only elementary tunneling process which is compatible with energy conservation is the simultaneous tunneling of two electrons called cotunneling 25, 26 . In this process one electron tunnels, say, from lead 1 into the QDS, and the other electron tunnels from the QDS into lead 2 with a time delay on the order of ∆ −1 ± (see Ref. 21) . This means that in the range of frequencies, ω ≪ ∆ ± , (which we assume in our paper) the charge on the QDS does not fluctuate, and thus in contrast to the sequential tunneling the correlation imposed by charge conservation is not relevant for cotunneling. Furthermore, in the case of elastic cotunneling (∆µ < δE), where the state of the QDS remains unchanged, the QDS can be effectively regarded as a single barrier. Therefore, subsequent elastic cotunneling events are uncorrelated, and the noise is Poissonian with F = 1. On the other hand, this is not so for inelastic cotunneling(∆µ > δE), where the internal state of the QDS is changed, thereby changing the conditions for the subsequent cotunneling event. Thus, in this case the QDS switches between different current states, and this creates a correction to noise ∆S, so that the total noise is non-Poissonian, and can become super-Poissonian. The other mechanism underlying super-Poissonian noise is the excitation of high energy levels (heating) of the QDS caused by multiple inelastic cotunneling transitions and leading to the additional noise ∆S h . Thus the total noise can be written as S = eI + ∆S h + ∆S. For other cases exhibiting super-Poissonian noise (in the strongly nonlinear bias regime) see Ref. 6. According to this picture we consider the following different regimes of the inelastic cotunneling. We first discuss the weak cotunneling regime w ≪ w in , where w ∼ Γ 1 Γ 2 ∆µ/∆ 2 ± is the average rate of the inelastic cotunneling transitions on the QDS [see Eqs. (4.23-4.26)], and w in is the intrinsic relaxation rate of the QDS to its equilibrium state due to the coupling to the environment. In this regime the cotunneling happens so rarely that the QDS always relaxes to its equilibrium state before the next electron passes through it. Thus we expect no correlations between cotunneling events in this regime, and the zero-frequency noise is going to take on its Poissonian value with Fano factor F = 1, as first obtained for a special case in Ref. 21 . This result is generalized in Sec. III, where we find a universal relation between noise and current of single-barrier tunnel junctions and, more generally, of the QDS in the first nonvanishing order in the tunneling perturbation V . Because of the universal character of the results Eqs. (3.10) and (3.21) we call them the nonequilibrium FDT in analogy with linear response theory.
Next, we consider strong cotunneling, i.e. w ≫ w in . The microscopic theory of the transport and noise in this regime based on a projector operator technique is developed in Sec. IV. In the case of a few-level QDS, δE ∼ E C , 38 noise turns out to be non-Poissonian, as we have discussed above, and this effect can be estimated as follows. The QDS is switching between states with the different currents I ∼ ew, and we find δI ∼ ew. The QDS stays in each state for the time τ ∼ w −1 . Therefore, for the positive correction to the noise power we get ∆S ∼ δI 2 τ ∼ e 2 w, and the estimate for the correction to the Fano factor follows as ∆S/eI ∼ 1. A similar result is expected for the noise induced by heating, ∆S h , which can roughly be estimated by assuming an equilibrium distribution on the QDS with the temperature k B T ∼ ∆µ and considering the additional noise as being thermal,
33
∆S h ∼ Gk B T ∼ (eI/∆µ)k B T ∼ eI. The characteristic frequency of the noise correction ∆S is ω ∼ w, with ∆S vanishing for ω ≫ w (but still in the classical range, ω ≪ ∆µ). In contrast to this, the additional noise due to heating, ∆S h , does not depend on the frequency.
In Sec. V we consider the particular case of nearly degenerate dot states, in which only few levels with an energy distance smaller than δE participate in transport, and thus heating on the QDS can be neglected. Specifically, for a two-level QDS we predict giant (divergent) super-Poissonian noise if the off-diagonal transition rates vanish. The QDS goes into an unstable mode where it switches between states 1 and 2 with (generally) different currents. We consider the transport through a doubledot (DD) system as an example to illustrate this effect [see Eq. (5.12) and Fig. 3] .
Finally, we discuss the case of a multi-level QDS,
δE ≪ E C . In this case the correlations in the cotunneling current described above do not play an essential role. In the regime of low bias, ∆µ ≪ (δE E C ) 1/2 , elastic cotunneling dominates transport, 25, 39 and thus the noise is Poissonian. In the opposite case of large bias, ∆ ± ≫ ∆µ ≫ (δE E C ) 1/2 , the transport is governed by inelastic cotunneling, and in Sec. VI we study heating effects which are relevant in this regime. For this we use the results of Sec. IV and derive a kinetic equation for the distribution function f (ε). We find three universal regimes where I ∼ ∆µ 3 , and the Fano factor does not depend on bias the ∆µ. The first is the regime of weak cotunneling, τ in ≪ τ c , where τ in and τ c are time scales characterizing the single-particle dynamics of the QDS. The energy relaxation time τ in describes the strength of the coupling to the environment while τ c ∼ eν D ∆µ/I is the cotunneling transition time. Then we obtain for the distribution f (ε) = θ(−ε), reproducing the result of Ref. 25 . We also find that F = 1, in agreement with the FDT proven in Sec. III. The other two regimes of strong cotunneling τ in ≫ τ c are determined by the electronelectron scattering time τ ee . For the cold-electron regime, τ c ≪ τ ee , we find the distribution function by solving the integral equations (6.11) and (6.12), while for hot electrons, τ c ≫ τ ee , f is given by the Fermi distribution function with an electron temperature obtained from the energy balance equation (6.15) . We use f (ε) to calculate the Fano factor, which turns out to be very close to 1. On the other hand, the current depends not only on G 1 G 2 but also on the ratio, G 1 /G 2 , depending on the cotunneling regime [see Fig. 4 ]. Details of the calculations are deferred to four appendices.
II. MODEL SYSTEM
The quantum-dot system (QDS) under study is weakly coupled to two external metallic leads which are kept in equilibrium with their associated reservoirs at the chemical potentials µ l , l = 1, 2, where the currents I l can be measured. Using a standard tunneling Hamiltonian approach, 40 we write
where the terms H L and H S describe the leads and QDS, respectively (with k and p from a complete set of quantum numbers), and tunneling between leads and QDS is described by the perturbation V . The interaction term H int is specified below. The N -electron QDS is in the cotunneling regime where there is a finite energy cost ∆ ± (l, N ) > 0 for the electron tunneling from the Fermi level of the lead l to the QDS (+) and vice versa (−), so that only processes of second order in V are allowed.
To describe the transport through the QDS we apply standard methods 40 and adiabatically switch on the perturbation V in the distant past, t = t 0 → −∞. The perturbed state of the system is described by the timedependent density matrix ρ(t) = e −iH(t−t0) ρ 0 e iH(t−t0) , which can be written as
with the help of the Liouville operator L = L 0 + L V .
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Here ρ 0 is the grand canonical density matrix of the unperturbed system,
where we set
Because of tunneling the total number of electrons in each lead N l = k c † lk c lk is no longer conserved. For the outgoing currentsÎ l = eṄ l we havê
The observables of interest are the average current I ≡ I 2 = −I 1 through the QDS, and the spectral density of the noise S ll ′ (ω) = dtS ll ′ (t) exp(iωt),
where δI l =Î l −I l . Below we will use the interaction representation where Eq. (2.7) can be rewritten by replacing
In this representation, the time dependence of all operators is governed by the unperturbed Hamiltonian H 0 .
III. NON-EQUILIBRIUM FLUCTUATION-DISSIPATION THEOREM FOR TUNNEL JUNCTIONS
In this section we prove the universality of noise of tunnel junctions in the weak cotunneling regime w ≪ w in keeping the first nonvanishing order in the tunneling Hamiltonian V . Since our final results Eqs. (3.10), (3.12), (3.13), and (3.21) can be applied to quite general systems out-of-equilibrium we call this result the non-equilibrium fluctuation-dissipation theorem (FDT). In particular, the geometry of the QDS and the interaction H int are completely arbitrary for the discussion of the non-equilibrium FDT in this section. Such a non-equilibrium FDT was derived for single barrier junctions long ago. 42 We will need to briefly review this case which allows us then to generalize the FDT to QDS considered here in the most direct way. 
For the sake of generality, we do not specify the interaction H int in this section, nor the electron spectrum in the leads, and the geometry of our system. Applying the standard interaction representation technique, 40 we expand the expression (2.8) for U (t) and keep only first non-vanishing contributions in V , obtaining
where we use the notation . . . = Trρ 0 (. . .). Analogously, we find that the first non-vanishing contribution to the noise power S(ω) ≡ S 22 (ω) is given by
where {. . .} stands for anticommutator, and I 2 2 = 0 in leading order.
We notice that in Eqs. (3.3) and (3.4) the terms AA and A † A † are responsible for Cooper pair tunneling and vanish in the case of normal (interacting) leads. Taking this into account and using Eqs. (3.1) and (3.2) we obtain
where we also used A † (t)A(0) = A † (0)A(−t) . Next we apply the spectral decomposition to the correlators Eqs. (3.5) and (3.6), a similar procedure to that which also leads to the equilibrium fluctuationdissipation theorem. The crucial observation is that [H 0 , N l ] = 0, l = 1, 2 (we stress that it is only the tunneling Hamiltonian V which does not commute with N l , while all interactions do not change the number of electrons in the leads). Therefore, we are allowed to use for our spectral decomposition the basis |n = |E n , N 1 , N 2 of eigenstates of the operator
Next we introduce the spectral function,
and rewrite Eqs. (3.5) and (3.6) in the matrix form in the basis |n taking into account that the operator A creates (annihilates) an electron in the lead 2 (1) [see Eq. (3.1)]. We obtain following expressions
where ∆µ = µ 1 − µ 2 . From these equations our main result follows
where we have neglected contributions of order ∆µ/ε F , ω/ε F ≪ 1. We call the relation (3.10) nonequilibrium fluctuation-dissipation theorem because of its general validity (we recall that no assumptions on geometry or interactions were made). The fact that the spectral function Eq. (3.7) depends only on one parameter can be used to obtain further useful relations. Suppose that in addition to the bias ∆µ a small perturbation of the form δµe −iωt is applied to the junction. This perturbation generates an ac current δI(ω, ∆µ)e −iωt through the barrier, which depends on both parameters, ω and ∆µ. The quantity of interest is the linear response conductance G(ω, ∆µ) = eδI(ω, ∆µ)/δµ. The perturbation δµ can be taken into account in a standard way by multiplying the tunneling amplitude A(t) by a phase factor e −iφ(t) , whereφ = δµe −iωt . Substituting the new amplitude into Eq. (3.3) and expanding the current with respect to δµ, we arrive at the following result,
Finally, applying the spectral decomposition to this equation we obtain
which holds for a general nonlinear I vs ∆µ dependence. From this equation and from Eq. (3.10) it follows that the noise power at zero frequency can be expressed through the conductance at finite frequency as follows
And for the noise power at zero bias we obtain S(ω, 0) = ω coth(ω/2k B T )Re G(ω, 0), which is the standard equilibrium FDT. 34 Eq. (3.10) reproduces the result of Ref. 42 . The current is not necessary linear in ∆µ (the case of tunneling into a Luttinger liquid 43 is an obvious example), and in the limit T, ω → 0 we find the Poissonian noise, S = eI. In the limit T, ∆µ → 0, the quantum noise becomes S(ω) = e[I(ω) − I(−ω)]/2. If I(−∆µ) = −I(∆µ), we get S(ω) = eI(ω), and thus S(ω) can be obtained from I(∆µ → ω).
B. Quantum dot system
We consider now tunneling through a QDS. In this case the problem is more complicated: In general, the two currentsÎ l are not independent, because [Î 1 ,Î 2 ] = 0, and thus all correlators S ll ′ are nontrivial. In particular, it has been proven in Ref. 21 that the cross-correlations ImS 12 (ω) are sharply peaked at the frequencies ω = ∆ ± , which is caused by a virtual charge-imbalance on the QDS during the cotunneling process. The charge accumulation on the QDS for a time of order ∆ −1 ± leads to an additional contribution to the noise at finite frequency ω. Thus, we expect that for ω ∼ ∆ ± the correlators S ll ′ cannot be expressed through the steady-state current I only and thus I has to be complemented by some other dissipative counterparts, such as differential conductances
On the other hand, at low enough frequency, ω ≪ ∆ ± , the charge conservation on the QDS requires δI s = (δI 2 + δI 1 )/2 ≈ 0. Below we concentrate on the limit of low frequency and neglect contributions of order of ω/∆ ± to the noise power. In Appendix A we prove that S ss ∼ (ω/∆ ± ) 2 , and this allows us to redefine the current and the noise power as I ≡ I d = (I 2 − I 1 )/2 and S(ω) ≡ S dd (ω). 44 In addition we require that the QDS is in the cotunneling regime, i.e. the temperature is low enough, k B T ≪ ∆ ± , although the bias ∆µ is arbitrary (i.e. it can be of the order of the energy cost) as soon as the sequential tunneling to the dot is forbidden, ∆ ± > 0. In this limit the current through a QDS arises due to the direct hopping of an electron from one lead to another (through a virtual state on the dot) with an amplitude which depends on the energy cost ∆ ± of a virtual state. Although this process can change the state of the QDS, the fast energy relaxation in the weak cotunneling regime, w ≪ w in , immediately returns it to the equilibrium state (for the opposite case, see Secs. IV-VI). This allows us to apply a perturbation expansion with respect to tunneling V and to keep only first nonvanishing contributions, which we do next.
It is convenient to introduce the notationD l (t) ≡
. We notice that all relevant matrix ele-
i∆−t , are fast oscillating functions of time. Thus, under the above conditions we can writeD l (∞) = 0, and even more general, +∞ −∞ dt D l (t)e ±iωt = 0 (note that we have assumed earlier that ω ≪ ∆ ± ). Using these equalities and the cyclic property of the trace we obtain the following result (for details of the derivation, see Appendix A),
Applying a similar procedure (see Appendix A), we arrive at the following expression for the noise power S = S 22 , see Eq. (2.7),
where we have dropped a small contribution of order ω/∆ ± . Thus, we have arrived at Eqs. (3.14) and (3.16) which are formally equivalent to Eqs. (3.5) and (3.6). Similarly to A in the single-barrier case, the operator B plays the role of the effective tunneling amplitude, which annihilates an electron in lead 1 and creates it in lead 2. Similar to Eqs. (3.7), (3.8), and (3.9) we can express the current and the noise power 18) in terms of the spectral function
The difference, however, becomes obvious if we notice that in contrast to the operator A [see Eq. (3.1)] which is a product of two fermionic Schrödinger operators with an equilibrium spectrum, the operator B contains an additional time integration with the time evolution governed by
Applying a further spectral decomposition to the operator B [given by Eq. (3.15)] we arrive at the expression 20) where the two sums over n ′ and n ′′ on the lhs are different by the order of tunneling sequence in the cotunneling process. Thus we see that the current and the noise power depend on both chemical potentials µ 1,2 separately (in contrast to the one-parameter dependence for a singlebarrier junction, see Sec. III A), and therefore the shift of ∆µ in Eq. (3.18) by ±ω will also shift the energy denominators of the matrix elements on the lhs of Eq. (3.20) . However, since the energy denominators are of order ∆ ± the last effect can be neglected and we arrive at the final result
This equation represents our nonequilibrium FDT for the transport through a QDS in the weak cotunneling regime. A special case with T, ω = 0, giving S = eI, has been derived in Ref. 21 . To conclude this section we would like to list again the conditions used in the derivation. The universality of noise to current relation Eq. (3.21) proven here is valid in the regime in which it is sufficient to keep the first nonvanishing order in the tunneling V which contributes to transport and noise. This means that the QDS is in the weak cotunneling regime with ω, k B T ≪ ∆ ± , and w in ≫ w.
IV. MICROSCOPIC THEORY OF STRONG COTUNNELING A. Formalism
In this section, we give a systematic microscopic derivation of the master equation, Eq. .3), in the strong cotunneling regime, w in ≪ w. Under this assumption the intrinsic relaxation in the QDS is very slow and will in fact be neglected. Thermal equilibration can only take place via coupling to the leads, see Sec. IV B. Due to this slow relaxation in the QDS we find that there are non-Poissonian correlations ∆S in the current through the QDS because the QDS has a "memory"; the state of the QDS after the transmission of one electron influences the transmission of the next electron. A basic assumption for the following procedure is that the system and bath are coupled only weakly and only via the perturbation V , Eq. (2.3). The interaction part H int of the unperturbed Hamiltonian H 0 , Eq. (2.1), must therefore be separable into a QDS and a lead part, H int = H 
We assume that in the distant past, t 0 → −∞, the system is in an equilibrium state
where In systems which can be divided into a (small) system (like the QDS) and a (possibly large) external "bath" at thermal equilibrium (here, the leads coupled to the QDS) it turns out to be very useful to make use of the superoperator formalism, 41, 45, 46 and of projectors P T = ρ L Tr L , which project on the "relevant" part of the density matrix. We obtain P T ρ by taking the partial trace Tr L of ρ with respect to the leads and taking the tensor product of the resulting reduced density matrix with the equilibrium state ρ L . Here, we will consider the projection operators
satisfying P 2 = P , Q 2 = Q, P Q = QP = 0, where P is composed of P T and two other projectors 46 P D and P N , where P D projects on operators diagonal in the eigenbasis {|n } of H S , i.e. n|P D A|m = δ nm n|A|m , and P N projects on the subspace with N particles in the QDS. The particle number N is defined by having minimal energy in equilibrium (with no applied bias); all other particle numbers have energies larger by at least the energy deficit 37 ∆. Above assumptions about the initial state Eq. (4.1) of the system at t 0 → −∞ can now be rewritten as
For the purpose of deriving the master equation we take the Laplace transform of the time-dependent density matrix Eq. (2.4), with the result
Here, R(z) is the resolvent of the Liouville operator L, i.e. the Laplace transform of the propagator exp(−itL),
where z = ω + iη. We choose η > 0 in order to ensure convergence (L has real eigenvalues) and at the end of the calculation take the limit η → 0. We can split the resolvent into four parts by multiplying it with the unity operator P + Q from the left and the right,
between the two factors on the left hand side of QP = 0, P Q = 0, Q 2 = Q, and P 2 = P , we obtain
where we define the self-energy superoperator 11) and the free resolvent
Here, we have used the identities 
Using Eqs. (4.3), (4.4), and (4.10) the diagonal part of the reduced density matrix ρ S (z) = P D P N Tr L ρ(z) can now be written as
This equation leads toρ S (z) = −izρ S (z) − ρ S = −iΣ(z)ρ S (z). The probability ρ n (z) = n|ρ S (z)|n for the QDS being in state |n then obeys the equatioṅ
with p n = |n n|, which is a closed equation for the density matrix in the subspace defined by P (with fixed 
Note that since we study the regime of small frequencies Re z = ω ≪ ||L 0 Q|| ≈ |E n − E m |, where m = n, we can take the limit ω → 0 here. In addition to this, we have assumed fast relaxation in the leads and have taken the Markovian limit z = iη → 0, i. 
where the first term vanishes exactly and the second term invloving Q N = 1 − P N is O(κ). After some calculation, we find that W nm is of the form
with w nm > 0 for all n and m. Substituting this equation into Eq. (4.18) we can rewrite the master equation in the manifestly trace-preserving formρ n (z) = m [w nm ρ m (z) − w mn ρ n (z)], or in real time,
This "classical" master equation describes the dynamics of the QDS, i.e. it describes the rates with which the probabilities ρ n for the QDS being in state |n change. After some algebra (retaining only 47 O(κ 0 ), cf. App. B), we find
where (in the cotunneling regime) 25) with the "golden rule" rate from lead l to lead l ′ ,
In this expression, ∆µ ll ′ = µ l − µ l ′ denotes the chemical potential drop between lead l and lead l ′ , and ρ L,m = m|ρ L |m . We have defined the second order hopping operator 27) where 2 (2 to 1) . In contrast to this, the cotunneling rate w 0 nm involves either lead 1 or lead 2 and, thus, it does not contribute directly to transport. However, w 0 nm contributes to thermal equilibration of the QDS via particle-hole excitations in the leads and/or QDS (see Secs. VI A and VI B).
C. Stationary State
In order to make use of the standard Laplace transform for finding the stationary stateρ of the system, we shift the initial state to t 0 = 0 and define the stationary state asρ = lim t→∞ ρ(t) = lim t→∞ e −iLt ρ 0 . This can be expressed in terms of the resolvent, Multiplying both sides with z − Σ(z) and taking the limit z → 0, we obtain the condition 
D. Average Current
The expectation value I l (t) = TrÎ l ρ(t) of the current I l in lead l [Eq. (2.7)] can be obtained via its Laplace transform
where we have inserted P +Q = 1 and used Eqs. (4.3) and (4.4) for ρ(z). According to Eq. (4.13) the first term vanishes. The second term can be rewritten using Eqs. (4.7) and (4.17), with the result
Using the projector method, we have thus managed to express the expectation value of the current (acting on both the QDS and the leads) in terms of the linear superoperator W I which acts on the reduced QDS density matrix ρ S only. Taking z → 0 in Eq. (4.33), the average current in lead l in the stationary limit becomes
Up to now this is exact, but next we use again the perturbation expansion Eq. (4.16). In the cotunneling regime 37,47 , i.e. away from resonances, the second-order tunneling current
is negligible [O(κ)], and the leading contribution is the cotunneling current
After further calculation we find in leading order (cf. App. B) 
E. Current Correlators
Now we study the current correlators in the stationary limit. We let t 0 → −∞, therefore ρ(t = 0) →ρ. The symmetrized current correlator [cf. Eq. (2.7)],
where δI l =Î l − I l , can be rewritten using the cyclic property of the trace as
where e −itL acts on everything to its right. Taking the Laplace transform and using Eq. (4.28) for the stationary stateρ, we obtain
where z = ω + iη and η → 0+. We insert P + Q = 1 twice and use Eq. (4.12) with the result
where
We further evaluate the contributions to S ll ′ (z) using Eqs. (4.7) and (4.29), and we obtain
where R Q = lim z→0 (z − QLQ) −1 , and The conditional density matrix is defined as LT nm (−ω). For a few-level QDS, δE ∼ E C , with inelastic cotunneling the noise will be non-Poissonian, since the QDS is switching between states with different currents. An explicit result for the noise in this case can be obtained by making further assumptions about the QDS and the coupling to the leads, and then evaluating Eq. (4.54), see the following sections. For the general case, we only estimate ∆S. The current is of the order I ∼ ew, with w some typical value of the cotunneling rate w nm , and thus δI ∼ ew. The time between switching from one dot-state to another due to cotunneling is approximately τ ∼ w −1 . The correction ∆S to the Poissonian noise can be estimated as ∆S ∼ δI 2 τ ∼ e 2 w, which is of the same order as the Poissonian contribution eI ∼ e 2 w. Thus the correction to the Fano factor is of order unity. In contrast to this, we find that for elastic cotunneling the off-diagonal rates vanish, w nm ∝ δ nm , and therefore δρ nn = 0 and ∆S = 0. Moreover, at zero temperature, either w + nn or w − nn must be zero (depending on the sign of the bias ∆µ). As a consequence, for elastic cotunneling we find Poissonian noise, F = S(0)/e|I| = 1.
In summary, we have derived the master equation, Eq. 22) (but not for the other results) we have additionally used the Markovian approximation, assuming fast relaxation in the leads compared to the tunneling rate.
V. COTUNNELING THROUGH NEARLY DEGENERATE STATES
Suppose the QDS has nearly degenerate states with energies E n , and level spacing ∆ nm = E n − E m , which is much smaller than the average level spacing δE. In the regime, ∆µ, k B T, ∆ nm ≪ δE, the only allowed cotunneling processes are the transitions between nearly degenerate states. The noise power is given by Eqs. (4.53) and (4.54), and below we calculate the correlation correction to the noise, ∆S. To proceed with our calculation we rewrite Eq. (4.22) for δρ(t) (see Eq. (4.48)) as a secondorder differential equation in matrix form
where W is defined in Eq. (4.21). We solve this equation by Fourier transformation,
where we have used Wρ = 0. We substitute δρ from this equation into Eq. In particular, the zero frequency noise ∆S(0) diverges if the "off-diagonal" rates w nm vanish. This divergence has to be cut at ω, or at the relaxation rate w in due to coupling to the bath (since w 12 in this case has to be replaced with w 12 + w in ). The physical origin of the divergence is rather transparent: If the off-diagonal rates w 12 , w 21 are small, the QDS goes into an unstable state where it switches between states 1 and 2 with different currents in general. 48 The longer the QDS stays in the state 1 or 2 the larger the zero-frequency noise power is. However, if w , then ∆S(ω) is suppressed to 0. For instance, for the QDS in the spin-degenerate state with an odd number of electrons ∆S(ω) = 0, since the two states | ↑ and | ↓ are physically equivalent. The other example of such a suppression of the correlation correction ∆S to noise is given by a multi-level QDS, δE ≪ E C , where the off-diagonal rates are small compared to the diagonal (elastic) rates. 25 Indeed, since the main contribution to the elastic rates comes from transitions through many virtual states, which do not participate in inelastic cotunneling, they do not depend on the initial conditions, w To simplify further analysis we consider for a moment the case, where the singularity in the noise is most pronounced, namely, ω = 0 and |∆ 12 | ≪ ∆µ, k B T , so that w 
where I n is the current through the n-th level of the QDS. Thus in case |∆ 12 | ≪ ∆µ, k B T the following regimes have to be distinguished: (1) If k B T < ∼ ∆µ, then I n ∝ ∆µ, w 12 ∝ ∆µ, and thus both, the total current I = e −1 G D ∆µ, and the total noise S = F G D ∆µ are linear in the bias ∆µ (here G D is the conductance of the QDS). The total shot noise in this regime is superPoissonian with the Fano factor F ∼ I/(ew 12 ) ≫ 1. (2) In the regime ∆µ < ∼ k B T < ∼ F 1/2 ∆µ the noise correction (5.7) arises because of the thermal switching the QDS between two states n = 1, 2, where the currents are linear in the bias, I n ∼ G D ∆µ/e. The rate of switching is w 12 ∝ k B T , and thus
, the noise correction ∆S is the dominant contribution to the noise, and thus the total noise S can be interpreted as being a thermal telegraph noise.
49
(3) Finally, in the regime F 1/2 ∆µ < ∼ k B T the first term on the rhs of Eq. (4.53) is the dominant contribution, and the total noise becomes an equilibrium Nyquist noise,
We notice that for the noise power to be divergent the off-diagonal rates w 12 and w 21 have to vanish simultaneously. However, the matrix w nm is not symmetric since the off-diagonal rates depend on the bias in a different way. On the other hand, both rates contain the same ma- 50 The tunneling path between dots and leads 1 and 2 forms a closed loop (shown by arrows) so that the Aharonov-Bohm phase φ will be accumulated by an electron traversing the DD. element is not small, it can vanish because of different symmetries of the two states. To illustrate this effect we consider the transport through a double-dot (DD) system (see Ref. 21 for details) as an example. Two leads are equally coupled to two dots in such a way that a closed loop is formed, and the dots are also connected, see Fig. 2 . Thus, in a magnetic field the tunneling is described by the Hamiltonian Eq. (2.3) with
where the last equation expresses the equal coupling of dots and leads and φ is the Aharonov-Bohm phase. Each dot contains one electron, and weak tunneling t d between the dots causes the exchange splitting 50 J ∼ t 2 d /U (with U being the on-site repulsion) between one spin singlet and three triplets
10)
In the case of zero magnetic field, φ = 0, the tunneling Hamiltonian V is symmetric with respect to the exchange of electrons, 1 ↔ 2. Thus the matrix element of the cotunneling transition between the singlet and three triplets S|V (E − H 0 ) −1 V |T i , i = 0, ±, vanishes because these states have different orbital symmetries. A weak magnetic field breaks the symmetry, contributes to the off-diagonal rates, and thereby reduces noise.
The fact that in the perturbation V all spin indices are traced out helps us to map the four-level system to only two states |S and |T classified according to the orbital symmetry (since all triplets are antisymmetric in orbital space). In Appendix C we derive the mapping to a twolevel system and calculate the transition rates w 12) where G = πe(νT 2 /∆ − ) 2 is the conductance of a single dot in the cotunneling regime.
51 From Eq. (5.12) it follows that the noise power has singularities as a function of ω for zero magnetic field, and it has singularities at φ = 2πm (where m is integer) as a function of the magnetic field (see Fig. 3 ). We would like to emphasize that the noise is singular even if the exchange between the dots is weak, J ≪ ∆µ. Note however, that our classical approach, which neglects the off-diagonal elements of the density matrix ρ(t), can only be applied for weak enough tunneling, w nm ≪ J. In the case ∆µ < J the transition from the singlet to the triplet is forbidden by conservation of energy, w + 21 = 0, and we immediately obtain from Eq. (5.5) that ∆S(ω) = 0, i.e. the total noise is Poissonian (as it is always the case for elastic cotunneling). In the case of large bias, ∆µ ≫ J, two dots contribute independently to the current I = 2e −1 G∆µ, and from Eq. (5.12) we obtain the Fano factor
This Fano factor controls the transition to the telegraph noise and then to the equilibrium noise at high temperature, as described above. We notice that if the coupling of the dots to the leads is not equal, then w 0 nm = 0 serves as a cut-off of the singularity in ∆S(ω).
Finally, we remark that the Fano factor is a periodic function of the phase φ (see Fig. 3 ); this is nothing but an Aharonov-Bohm effect in the noise of the cotunneling transport through the DD. However, in contrast to the Aharonov-Bohm effect in the cotunneling current through the DD which has been discussed earlier in Ref. 21 , the noise effect does not allow us to probe the ground state of the DD, since the DD is already in a mixture of the singlet and three triplet states.
VI. COTUNNELING THROUGH CONTINUUM OF SINGLE-ELECTRON STATES
We consider now the transport through a multilevel QDS with δE ≪ E C . In the low bias regime, ∆µ ≪ (δE E C ) 1/2 , the elastic cotunneling dominates transport, 25 and according to the results of Secs. IV and V the noise is Poissonian. Here we consider the opposite regime of inelastic cotunneling, ∆µ ≫ (δE E C ) 1/2 . Since a large number M of levels participate in transport, we can neglect the correlations which we have studied in the previous section, since they become a 1/M -effect. Instead, we concentrate on the heating effect, which is not relevant for the 2-level system considered before. The condition for strong cotunneling has to be rewritten in a single-particle form, τ in ≫ τ c , where τ in is the single-particle energy relaxation time on the QDS due to the coupling to the environment, and τ c is the time of the cotunneling transition, which can be estimated as τ c ∼ eν D ∆µ/I (where ν D is the density of QDS states). Since the energy relaxation rate on the QDS is small, the multiple cotunneling transitions can cause high energy excitations on the dot, and this leads to a nonvanishing backward tunneling, w It is convenient to rewrite the currents I ± in a singleparticle basis. To do so we substitute the rates Eq. (4.26) into Eq. (6.2) and neglect the dependence of the tunneling amplitudes Eq. (2.3) on the quantum numbers k and p, T lkp ≡ T l , which is a reasonable assumption for QDS with a large number of electrons. Then we define the distribution function on the QDS as
and replace the summation over p with an integration over ε. Doing this we obtain the following expressions for T = 0
4)
where G 1,2 = πe 2 νν D |T 1,2 | 2 are the tunneling conductances of the two barriers, and where we have introduced the function Θ(ε) = εθ(ε) with θ(ε) being the step-function. In particular, using the property Θ(ε + ∆µ) − Θ(ε − ∆µ) = ε + ∆µ and fixing
(since I ± given by Eq. (6.4) and Eq. (6.5) do not depend on the shift ε → ε + const) we arrive at the following general expression for the cotunneling current 9) where the value ν D Υ has the physical meaning of the energy acquired by the QDS due to the cotunneling current through it. We have deliberately introduced the functions C ± in the Eq. (6.4) to emphasize the fact that if the distribution f (ε) scales with the bias ∆µ (i.e. f is a function of ε/∆µ), then C ± become dimensionless universal numbers. Thus both, the prefactor Λ [given by Eq. (6.8)] in the cotunneling current, and the Fano factor F = S/(eI), where S = eI + ∆S h ,
take their universal values, which do not depend on the bias ∆µ. We consider now such universal regimes. The first example is the case of weak cotunneling, τ in ≪ τ c , when the QDS is in its ground state, f (ε) = θ(−ε), and the thermal energy of the QDS vanishes, Υ = 0. Then Λ = 1, and Eq. (6.7) reproduces the results of Ref. 25 . As we have already mentioned, the backward current vanishes, I − = 0, and the Fano factor acquires its full Poissonian value F = 1, in agreement with our nonequilibrium FDT proven in Sec. III B. In the limit of strong cotunneling, τ in ≫ τ c , the energy relaxation on the QDS can be neglected. Depending on the electron-electron scattering time τ ee two cases have to be distinguished: The regime of cold electrons τ ee ≫ τ c and regime of hot electrons τ ee ≪ τ c on the QDS. Below we discuss both regimes in detail and demonstrate their universality.
A. Cold electrons
In this regime the electron-electron scattering on the QDS can be neglected and the distribution f (ε) has to be found from the master equation Eq. (4.22). We multiply this equation by ν
, sum over n and use the tunneling rates from Eq. (4.26). Doing this we obtain the standard stationary kinetic equation which can be written in the following form (We assume that if the limits of the integration over energy ε are not specified, then the integral goes from −∞ to +∞.) From the form of this equation we immediately conclude that its solution is a function of ε/∆µ, and thus the cold electron regime is universal as defined in the previous section. It is easy to check that the detailed balance does not hold, and in addition σ(ε) = σ(−ε). Thus we face a difficult problem of solving Eq. (6.11) in its full nonlinear form. Fortunately, there is a way to avoid this problem and to reduce the equation to a linear form which we show next.
We group all nonlinear terms on the rhs of Eq. (6.11):
The trick is to rewrite the function h(ε) in terms of known functions. For doing this we split the integral in h(ε) into two integrals over ε ′ > 0 and ε ′ < 0, and then use Eq. (6.6) and the property of the kernel σ(ε) − σ(−ε) = 2(1 + λ)ε to regroup terms in such a way that h(ε) does not contain f (ε) explicitly. Taking into account Eq. (6.9) we arrive at the following linear integral equation 
The prefactor Λ in the expression (6.7) for the cotunneling current characterizes a universal cotunneling transport in the regime of weak cotunneling, τin ≪ τc, (Λ = 1, see Ref. 25) , and in the regime of strong cotunneling, τin ≫ τc (Λ > 1). Here Λ is plotted as a function of G1/G2 (same as a function of G2/G1) for the strong cotunneling, for the cold-electron case, τee ≫ τc (solid line) and for the hot-electron case, τee ≪ τc (dotted line). G1,2 are the tunneling conductances of a junctions connecting leads 1 and 2 with the QDS. (6.13) where the parameter Υ is the only signature of the nonlinearity of Eq. (6.11). Since Eq. (6.13) represents an eigenvalue problem for a linear operator, it can in general have more than one solution. Here we demonstrate that there is only one physical solution, which satisfies the conditions
(6.14)
Indeed, using a standard procedure one can show that two solutions of the integral equation (6.13), f 1 and f 2 , corresponding to different parameters Υ 1 = Υ 2 should be orthogonal, dεf 1 (ε)f 2 (−ε) = 0. This contradicts the conditions Eq. (6.14). The solution is also unique for the same Υ, i.e. it is not degenerate (for a proof, see Appendix D). From Eq. (6.11) and conditions Eq. (6.14) it follows that if f (ε) is a solution then 1 − f (−ε) also satisfies Eqs. (6.11) and (6.14). Since the solution is unique, it has to have the symmetry f (ε) = 1 − f (−ε). We solve Eqs. (6.13) and (6.14) numerically and use Eqs. (6.5) and (6.10) to find that the Fano factor is very close to 1 (it does not exceed the value F ≈ 1.006). Next we use Eqs. (6.8) and (6.9) to calculate the prefactor Λ and plot the result as a function of the ratio of tunneling conductances, G 1 /G 2 , (Fig. 4, solid line) . For equal coupling to the leads, G 1 = G 2 , the prefactor Λ takes its maximum value 2.173, and thus the cotunneling current is approximately twice as large compared to its value for the case of weak cotunneling, τ in ≪ τ c . Λ slowly decreases with increasing asymmetry of coupling and tends to its minimum value Λ = 1 for the strongly asymmetric coupling case G 1 /G 2 orG 2 /G 1 ≫ 1.
B. Hot electrons
In the regime of hot electrons, τ ee ≪ τ c , the distribution is given by the equilibrium Fermi function f F (ε) = [1 + exp(ε/k B T e )] −1 , while the electron temperature T e has to be found self-consistently from the kinetic equation. Eq. (6.11) has to be modified to take into account electron-electron interactions. This can be done by adding the electron collision integral I ee (ε) to the rhs. of (6.11) . Since the form of the distribution is known we need only the energy balance equation, which can be derived by multiplying the modified equation (6.11) by ε and integrating it over ε. The contribution from the collision integral I ee (ε) vanishes, because the electronelectron scattering conserves the energy of the system. Using the symmetry f F (ε) = 1 − f F (−ε) we arrive at the following equation
Next we regroup the terms in this equation such that it contains only integrals of the form
. This allows us to get rid of nonlinear terms, and we arrive at the following equation, 16) which holds also for the regime of cold electrons. Finally, we calculate the integral in Eq. (6.16) and express the result in terms of the dimensionless parameter
Thus, since the distribution again depends on the ratio ε/∆µ, the hot electron regime is also universal. The next step is to substitute the Fermi distribution function with the temperature given by Eq. (6.17) into Eq. (6.5). We calculate the integrals and arrive at the closed analytical expressions for the values of interest, Λ = 1 + 2π
18) 19) where again λ = (G 2 )/2G 1 G 2 ≥ 1. It turns out that similar to the case of cold electrons, Sec. VI A, the Fano factor for hot electrons is very close to 1 (namely, it does not exceed the value F ≈ 1.007). Therefore, we do not expect that the super-Poissonian noise considered in this section (i.e. the one which is due to heating of a large QDS caused by inelastic cotunneling through it) will be easy to observe in experiments. On the other hand, the transport-induced heating of a large QDS can be observed in the cotunneling current through the prefactor Λ, which according to Eq. (6.18) takes its maximum value Λ = 1 + 5/4 ≈ 2.118 for G 1 = G 2 and slowly reaches its minimum value 1 with increasing (or decreasing) the ratio G 1 /G 2 (see Fig. 4, dotted line) . Surprisingly, the two curves of Λ vs G 1 /G 2 for the cold-and hot-electron regimes lie very close, which means that the effect of the electron-electron scattering on the cotunneling transport is rather weak.
VII. CONCLUSIONS
The physics of the noise of cotunneling is discussed in the Introduction. Here we give a short summary of our results.
In Sec. III, we have derived the non-equilibrium FDT, i.e. the universal relations Eqs. (3.10) and (3.21) between the current and the noise, for single-barrier junctions and for QDS in the weak cotunneling regime, respectively. Taking the limit T, ω → 0, we show that the noise is Poissonian, i.e. F = 1.
In Sec. IV, we have derived the master equation, Eq. (4.22), the stationary state Eq. (4.29) of the QDS, the average current, Eq. (4.37), and the current correlators, Eqs. (4.52)-(4.54) for a non-degenerate QDS system (E n = E m , n = m) coupled to leads in the strong cotunneling regime w in ≪ w at small frequencies, ω ≪ ∆ mn . In contrast to sequential tunneling, where shot noise is either Poissonian (F = 1) or suppressed due to charge conservation (F < 1), we find that the noise in the inelastic cotunneling regime can be super-Poissonian (F > 1), with a correction being as large as the Poissonian noise itself. In the regime of elastic cotunneling F = 1.
While the amount of super-Poissonian noise is merely estimated at the end of Sec. IV, the noise of the cotunneling current is calculated for the special case of a QDS with nearly degenerate states, i.e. ∆ nm ≪ δE, in Sec. V, where we apply our results from Sec. IV. The general solution Eq. (5.3) is further analyzed for two nearly degenerate levels, with the result Eq. (5.5). More information is gained in the specific case of a DD coupled to leads, where we determine the correction to noise Eq. (5.12) as a function of frequency, bias, and the Aharonov-Bohm phase threading the tunneling loop, finding signatures of the Aharonov-Bohm effect in the cotunneling noise.
Finally, in Sec. VI, another important situation is studied in detail, the cotunneling through a QDS with a continuous energy spectrum, δE ≪ ∆µ ≪ E C . Here, the correlation between tunneling events plays a minor role as a source of super-Poissonian noise, which is now caused by heating effects opening the possibility for tunneling events in the reverse direction and thus to an enhanced noise power. In Eq. (6.10), we express the Fano factor F in the continuum case in terms of the dimensionless numbers C ± , defined in Eq. (6.5), which depend on the electronic distribution function f (ε) in the QDS (in this regime, a description on the single-electron level is appropriate). The current Eq. (6.7) is expressed in terms of the prefactor Λ, Eq. (6.8). Both F and Λ are then calculated for different regimes. For weak cotunneling, we immediately find F = 1, as anticipated earlier, while for strong cotunneling we distinguish the two regimes of cold (τ ee ≫ τ c ) and hot (τ ee ≪ τ c ) electrons. For cold electrons, we derive the linear integral equation Eq. (6.13) for f (ε) which is shown to have a unique solution, and which is solved numerically. We find that the Fano factor is very close to one, 1 < F < 1.006, while Λ is given in Fig. 4 . For hot electrons, f (ε) is the equilibrium Fermi distribution, and the Fano factor Eq. (6.19) and Λ [Eq. (6.18)and Fig. 4 ] can be computed analytically. Again, the Fano factor is very close to one, 1 < F < 1.007, which leads us to the conclusion that heating will hardly be observed in noise, but should be well measurable in the cotunneling current.
Finally, we use where P stands for the principal value. The current I l is 
Next we prove the mapping to a two-level system. First we notice that because the matrix w + T T is symmetric, the detailed balance equation for the stationary state givesρ n /ρ m = w + mn /w + nm = 1, n, m ∈ T . Thus we can setρ n →ρ 2 /3, for n ∈ T . The specific form of the transition matrix Eqs. (C5-C8) helps us to complete the mapping by setting (1/3) 
